Abstract. Using an almost increasing sequence, a result of Mazhar (1977) on |C, 1| k summability factors has been generalized for |C, α; β| k and |N, p n ; β| k summability factors under weaker conditions.
Introduction.
A sequence of (b n ) of positive numbers is said to be δ-quasimonotone, if b n → 0, b n > 0 ultimately and ∆b n ≥ −δ n , where (δ n ) is a sequence of positive numbers (see [2] ). Let a n be a given infinite series with (s n ) as the sequence of its nth partial sums. The series a n is said to be summable |C, α| k , k ≥ 1 and α > −1, if (see [6] ) 4) and it is said to be summable |C, α; β| k , k ≥ 1, α > −1 and β ≥ 0, if (see [7] ) Let (p n ) be a sequence of positive numbers such that
The sequence-to-sequence transformation
defines the sequence (T n ) of the Riesz mean or simply the (N, p n ) mean of the sequence (s n ), generated by the sequence of coefficients (p n ) (see [8] ). The series a n is said to be summable |N, 8) and it is said to be summable |N, p n ; β| k , k ≥ 1, and β ≥ 0, if (see [4] )
where
(1.10)
In the special case when β = 0 (resp., p n = 1 for all values of n), |N, p n ; β| k summability is the same as |N, p n | k (resp., |C, 1; β| k ) summability. Also it is known that |C, α; β| k and |N, p n ; β| k summabilities are, in general, independent of each other.
Mazhar [9] has proved the following theorem for |C, 1| k summability factors of infinite series. Theorem 1.1 (see [9] ). Let λ n → 0 as n → ∞. Suppose that there exists a sequence of numbers (B n ) such that it is δ-quasi-monotone with nδ n log n < ∞, B n log n is convergent and |∆λ n | ≤ |B n | for all n. If
where (t n ) is the nth (C, 1) mean of the sequence (na n ), then the series a n λ n is summable |C, 1| k , k ≥ 1.
Remark 1.2. It should be noted that the condition " nB n log n is convergent" is enough to prove Theorem 1.1 rather than the conditions " nδ n log n < ∞ and B n log n is convergent."
2. The main result. In view of Remark 1.2, the aim of this paper is to generalize Theorem 1.1 for |C, α; β| k and |N, p n ; β| k summabilities under weaker conditions. For this we need the concept of almost increasing sequence. A positive sequence (d n ) is said to be almost increasing if there exists a positive increasing sequence (c n ) and two positive constants A and B such that Ac n ≤ d n ≤ Bc n (see [1] ). Obviously, every increasing sequence is almost increasing but the converse need not be true as can be seen from the example d n = ne (−1) n . Since log n is increasing, we are weakening the hypotheses of the theorem replacing the increasing sequence by an almost increasing sequence. Now, we prove the following theorems.
Theorem 2.1. Let (X n ) be an almost increasing sequence and λ n → 0 as n → ∞.
Suppose that there exists a sequence of numbers (B n ) such that it is δ-quasi-monotone
with nB n X n convergent and |∆λ n | ≤ |B n | for all n. If the sequence (u α n ), defined by (see [10] )
then the series a n λ n is summable |C, α; β| k , k ≥ 1 and 0 ≤ β < α ≤ 1.
Theorem 2.2. Let (X n ) be an almost increasing sequence and λ n → 0 as n → ∞.
Suppose that there exists a sequence of numbers (B n ) such that it is δ-quasi-monotone with nB n X n convergent and |∆λ
then the series a n λ n is summable |N, p n ; β| k for k ≥ 1 and 0 ≤ β < 1/k.
We need the following lemmas for the proof of our theorems.
Under the conditions of Theorem 2.2 we obtain the following result.
Lemma 2.4. The following equation holds:
Proof. Since λ n → 0 as n → ∞, we have
3. Proof of Theorem 2.1. Let (T α n ) be the nth (C, α), with 0 < α ≤ 1, mean of the sequence (na n λ n ). Then, by (1.1), we have
Applying Abel's transformation, we get
so that making use of Lemma 2.3, we have Since 
by virtue of the hypotheses of Theorem 2.1. Therefore, we get This completes the proof of Theorem 2.1.
Remark 3.1. It is natural to ask whether our theorem is true with α > 1. All we can say with certainty is that our proof fails if α > 1, for our estimate of T α n,1 depends upon Lemma 2.3, and Lemma 2.3 is known to be false when α > 1 (see [5] for details). (N, p n ) mean of the series a n λ n . Then, by definition and changing the order of summation, we have
Proof of Theorem 2.2 . Let (T n ) denotes the
Then, for n ≥ 1, we have
By Abel's transformation, we have
to complete the proof of Theorem 2.2, it is enough to show that 
by virtue of the hypotheses of Theorem 2.2 and in view of Lemma 2.4. Now, when k > 1, applying Hölder's inequality with indices k and k , where Thinking about nonlinearity in engineering areas, up to the 70s, was focused on intentionally built nonlinear parts in order to improve the operational characteristics of a device or system. Keying, saturation, hysteretic phenomena, and dead zones were added to existing devices increasing their behavior diversity and precision. In this context, an intrinsic nonlinearity was treated just as a linear approximation, around equilibrium points. Inspired on the rediscovering of the richness of nonlinear and chaotic phenomena, engineers started using analytical tools from "Qualitative Theory of Differential Equations," allowing more precise analysis and synthesis, in order to produce new vital products and services. Bifurcation theory, dynamical systems and chaos started to be part of the mandatory set of tools for design engineers.
This proposed special edition of the Mathematical Problems in Engineering aims to provide a picture of the importance of the bifurcation theory, relating it with nonlinear and chaotic dynamics for natural and engineered systems. Ideas of how this dynamics can be captured through precisely tailored real and numerical experiments and understanding by the combination of specific tools that associate dynamical system theory and geometric tools in a very clever, sophisticated, and at the same time simple and unique analytical environment are the subject of this issue, allowing new methods to design high-precision devices and equipment.
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